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Abstract
In this paper non-nilpotent groups with two irreducible character degrees are characterized. This is
done using a description of solvable groups in which the commutator subgroup is a minimal normal
subgroup.
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In this paper G denotes a non-trivial finite group, Z(G) denotes its center, G′ denotes
the commutator subgroup of G and c.d.(G) denotes the set of degrees of the irreducible
characters of G. In his well-known book [3], Martin Isaacs proved in (12.5) the following
result:
Theorem I1. Let c.d.(G) = {1,m}. Then at least one of the following occurs.
(1) G has an abelian normal subgroup of index m.
(2) m = pe for some prime p and G is the direct product of a p-group and an abelian
group.
If G is non-nilpotent, then clearly (1) must hold. Our aim is to characterize these groups.
In order to do so, we shall use various results from the above mentioned book of Isaacs and
from B. Huppert’s recent book [2]. In particular, we need the following Corollary (12.6) of
Isaacs:
Theorem I2. If c.d.(G) = {1,m}, then G′ is abelian.
In order to prove Theorem I1, Isaacs uses Lemma (12.3) of [3], in which solvable groups
G with G′ being the unique minimal normal subgroup of G are described. In particular,
it is shown that such groups have only two character degrees. We start our investigation
in Section 2 with a description of solvable groups G with G′ being a minimal normal
subgroup of G, not necessarily unique. In this case too G has only two character degrees.
It is not difficult to deduce our result from Isaacs’, but we prefer to supply an independent
proof. This result will be used in Section 3 for the proof of the following main theorem.
Theorem 5. Let G be a non-nilpotent group. Then c.d.(G) = {1,m} if and only if G′
is abelian and either m = p, a prime, and F(G) is abelian of index p in G, or G′ ∩
Z(G) = 1 and G/Z(G) is a Frobenius group with the kernel G′ × Z(G)/Z(G) and a
cyclic complement of order [G : G′ × Z(G)] = m.
In this paper p denotes a prime number, N denotes the set of positive integers, (m,n)
denotes the greatest common divisor of m,n ∈ N, P denotes the set of primes, π(n) denotes
the set of prime divisors of n ∈ N, Φ(G) denotes the Frattini subgroup of G, F(G) denotes
the Fitting subgroup of G, Gπ denotes the Hall π -subgroup of an abelian group G for a set
of primes π , Sylp(G) denotes the set of Sylow p-subgroups of G, Irr(G) denotes the set
of irreducible characters of G, k(G) denotes the number of conjugacy classes in G, [x]G
denotes the conjugacy class of x ∈ G, cl.s.(G) denotes the set of the conjugacy classes
sizes of G, and the abbreviations conj.cl. and irr.ch. denote a conjugacy class (or conjugacy
classes) and an irreducible character (or irreducible characters), respectively.
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From now on we shall use the following additional notation: g = |G|, Z = Z(G), z =
|Z| and g′ = |G′|. The main result of this section is the following theorem.
Theorem 1. Let G be a non-abelian solvable group with the center Z and suppose that G′
is a minimal normal subgroup of G. Then G′ is an elementary abelian p-group of order
pr for some p ∈ P and r ∈ N, c.d.(G) = {1, f } for some f > 1 and one of the following
situations occurs:
(1) G′  Z, in which case |G′| = p, f = pu for some u ∈ N, G is nilpotent with an abelian
p-complement and G/Z is an elementary abelian p-group of order f 2.
(2) G′ ∩ Z = 1, in which case G/Z is a Frobenius group with the kernel G′ × Z/Z of
order pr and a cyclic complement of order f . Moreover, the inverse images in G of
the kernel and a complement of G/Z are abelian.
Proof. Since G′ is a minimal normal subgroup of G, it is an elementary abelian group
of order pr for some p ∈ P and some r ∈ N. Moreover, if x ∈ G′ − 1, then G′ =
〈[x]G〉 and G′  CG(x). Hence CG(x)  G and CG(y) = CG(x) for all y ∈ [x]G. Thus
CG(x) = CG(G′) for all x ∈ G′ − 1 and it follows that if s denotes the number of G-
conj.cl. contained in G′ − 1, then each such conj.cl. contains exactly pr−1
s
elements and
[G : CG(G′)] = pr−1s .
Suppose, first, that G′ ∩ Z = 1. Then it follows by the minimality of G′ that G′  Z,
which implies that |G′| = p, G/Z is abelian and s = p−1. Moreover, since G′ G′ ∩Z 
Φ(G), we may conclude that G is nilpotent and as |G′| = p, we get G = P × A, where
P ∈ Sylp(G) and A is an abelian p′-subgroup of G. By Theorem 7.5 and Example 7.6(a)
in [2], it follows from |G′| = p that c.d.(G) = {1, f }, where [G : Z] = f 2, and f = pu
for some u ∈ N. Finally, if x, y ∈ G, then [x, y] ∈ G′  Z and it follows that [xp, y] =
[x, y]p = 1. Hence xp ∈ Z for all x ∈ G, which implies that G/Z is an elementary abelian
p-group. Thus G satisfies all the properties of situation (1).
Suppose, now, that G′ ∩ Z = 1. Then s < pr − 1 and [G : CG(G′)] = pr−1s > 1. Let
q ∈ π((pr − 1)/s) and pick Q ∈ Sylq(G). Then Q ∩ G′ = 1, Q /∈ CG(G′) and therefore
T =def NG(Q) < G. As G′Q  G, it follows by the Frattini argument that G = G′T .
Since T <G, G′  T and G′ ∩ T < G′. But G′ is abelian and hence G′ ∩ T G′T = G.
It follows by the minimality of G′ that G′ ∩ T = 1 and hence T ∼= G/G′ is abelian. Thus
CG(G
′) = G′ × T0, where T0 =def CG(G′) ∩ T  Z. But Z  CG(G′) ∩ T , so T0 = Z
and CG(G′) = G′ × Z. Consequently G/Z = (CG(G′)/Z)(T /Z), where (CG(G′)/Z) ∩
(T /Z) = Z/Z and |T/Z| = [G : CG(G′)] = (pr − 1)/s. Suppose that tZ ∈ T/Z central-
izes wZ ∈ CG(G′)/Z −Z/Z. We may assume that w ∈ G′ − 1. Then [w, t] ∈ G′ ∩Z = 1,
implying t ∈ CG(w) ∩ T = CG(G′) ∩ T = Z and tZ = Z. We may conclude that G/Z is
a Frobenius group of order (pr − 1)pr/s, with an elementary abelian kernel (G′ × Z)/Z
of order pr and an abelian, hence cyclic, complement T/Z of order (pr − 1)/s. Denote
f = (pr −1)/s. Then g = g′zf and we claim that c.d.(G) = {1, f }. Since G′×Z is abelian
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all χ ∈ Irr(G). Hence
k(G) g
g′
+ g − g/g
′
f 2
= f z + f zg
′ − f z
f 2
=
(
f + g
′ − 1
f
)
z.
On the other hand, by inequality (3) in [1] and Theorem 18.7 in [2], we have
k(G) k(G/Z)z =
(
f + g
′ − 1
f
)
z.
It follows from these inequalities that k(G) = (f + (g′ − 1)/f )z and χ(1) = f for each
non-linear irr.ch. of G. Thus c.d.(G) = {1, f } and G satisfies all the properties of situation
(2). 
The way Theorem 1 can be applied in practice is the following. Given non-abelian
group G, let K be a maximal subgroup of G′ such that K G. Then (G/K)′ = G′/K is
a minimal normal subgroup of G/K , and either G is non-solvable or else it satisfies the
assumptions of Theorem 1. The advantage of our result over Lemma (12.3) of Isaacs is that
knowing G′, we have control over the subgroups K which we choose in the above process.
This procedure is useful in the proof of Theorem 4.
We proceed with Corollary 2, in which we completely determine the c.d. and cl.s. struc-
tures and frequencies for groups satisfying the assumptions of Theorem 1. In the proof of
Corollary 2 we shall use freely the notation introduced in the proof of Theorem 1. More-
over, the abbreviation corr.fr. denotes corresponding frequencies.
Corollary 2. Suppose that G satisfies the assumptions of Theorem 1. Then one of the
following situations occurs:
(1) G′  Z, in which case cl.s.(G) = {1,p}, with corr.fr. {z, g−z
p
} and c.d.(G) = {1, d},
where d = [G : Z]1/2 = pu, with corr.fr. {g/p, (p − 1)z/p}.
(2) G′ ∩ Z = 1, in which case cl.s.(G) = {1, pr−1
s
,pr }, with corr.fr. {z, sz, (pr−1
s
− 1)z}
and c.d.(G) = {1, pr−1
s
}, with corr.fr. {pr−1
s
z, sz}.
Proof. Suppose, first, that G′  Z. As g′ = p and A is abelian, clearly all non-central
conj.cl. are of size p, with the stated frequency. Concerning the degrees of irr.ch., it follows
by Theorem 7.5 and Example 7.6(a) in [2] that G has g/p irr.ch. of degree 1 and (p−1)z/p
irr.ch. of degree d , as claimed.
Suppose, next, that G′ ∩ Z = 1. Then, as shown in the proof of Theorem 1, g = (pr −
1)prz/s, c.d.(G) = {1, (pr − 1)/s} and k(G) = ((pr − 1)/s + s)z. Hence G has g/g′ =
(pr − 1)z/s linear irr.ch. and (g − g/g′)/((pr − 1)/s)2 = sz irr.ch. of degree (pr − 1)/s.
Concerning the conj.cl., if x ∈ G′ ×Z−Z then |[x]G| (pr −1)/s and if y ∈ G−G′ ×Z,
then |[y]G|  g′ = pr . Hence k(g)  z + (pr − 1)z/((pr − 1)/s) + (g − g′z)/g′ = z +
sz + ((pr − 1)z/s − z) = k(G). Thus cl.s.(G) = {1, (pr − 1)/s,pr } and the corr.fr. are
z, sz, ((pr − 1)/s − 1)z, as claimed. 
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some prime p. It follows immediately from Theorem 1.
Corollary 3. A group G satisfies |G′| = p if and only if one of the following holds:
(1) G = P × A, where A is an abelian p′-subgroup of G and P ∈ Sylp(G), satisfying
|P ′| = p.
(2) G′ ∩ Z(G) = 1 and G/Z(G) is a Frobenius group with the kernel G′ × Z(G)/Z(G)
of order p.
3. Groups with two character degrees
We start this section with an elaboration of Theorem I1 of Isaacs.
Theorem 4. Let G be a non-abelian group with c.d.(G) = {1,m} and let p be a prime
dividing |G′|. Then G′ is abelian and one of the following holds:
(1) F(G) is abelian, [F(G) : G′] = |Z(G)|, G/F(G) is cyclic of order m and p  m.
(2) F(G) is abelian, [F(G) : G′] = |Z(G)|, G/F(G) is cyclic of order m and m = p.
(3) |G′| = pr , m = pu for some r, u ∈ N and G = P × A, where P ∈ Sylp(G) and A is
abelian.
Proof. By Theorem I2, G′ is abelian and hence G is solvable. Choose K as a maximal
subgroup of G′ satisfying G′ > K  (G′)p′ and K G. Then (G/K)′ = G′/K is a mini-
mal normal subgroup of G/K and hence G′/K is an elementary abelian group of order pr
for some r ∈ N. Set Y/K =def Z(G/K).
Suppose that case (2) of Theorem 1 holds with respect to G/K . Then G′ ∩ Y = K and
G/Y ∼= (G/K)/(Y/K) is a Frobenius group with kernel G′Y/Y and a cyclic complement
of order m, which is isomorphic to G/G′Y . Since G′Y/Y is an elementary abelian p-
group, p  m.
We wish to prove now that G′Y is abelian. Let θ ∈ Irr(G′Y ). It follows by Theo-
rem (12.4) in [3] that either [G : G′Y ]θ(1) = mθ(1) ∈ c.d.(G), whence θ(1) = 1, or
[G′Y : Y ] | θ2(1), implying p | θ(1). But G′Y  G and c.d.(G) = {1,m}, so θ(1) | m.
Hence p | θ(1) implies p | m, a contradiction. Thus θ(1) = 1 and G′Y is abelian.
It follows that G′Y  F(G) and by Theorem 19.17 in [2], [G : F(G)] = m. But
[G : G′Y ] = m, so F(G) = G′Y is abelian and G/F(G) is cyclic of order m. Moreover,
Lemma (12.12) in [3] implies that |F(G)| = |G′||F(G) ∩ Z(G)| = |G′||Z(G)|. Hence
[F(G) : G′] = |Z(G)| and case (1) of Theorem 4 holds.
Suppose, next, that case (1) of Theorem 1 holds with respect to G/K and there exists
q ∈ π(G′) − {p} such that case (2) of Theorem 1 holds with respect to G/H , where H is
a maximal subgroup of G′ satisfying G′ >H  (G′)q ′ and H G. Then it follows by the
previous arguments that F(G) is abelian, [F(G) : G′] = |Z(G)| and G/F(G) is cyclic of
order m. Since case (1) of Theorem 1 holds with respect to G/K , it follows that Y  G′
and G/Y is an elementary abelian p-group. If Y  F(G), then G/F is an elementary
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If Y  F(G), let χ ∈ Irr(G/K) be of degree m. Then |χ(y)| = m for all y ∈ Y and in
particular that holds for y ∈ Y − F(G). But F(G) is abelian and [G : F(G)] = χ(1), so
χ(x) = 0 for all x ∈ G − F(G) and we have reached a contradiction.
Suppose, finally, that case (2) of Theorem 1 does not hold with respect to G/K for all
primes p dividing |G′| and for all appropriate choices of the subgroups K of G′. Then case
(1) of Theorem 1 holds in all such cases, and since whenever K  (G′)p′ , G′/K is a p-
group and m = pu for some u ∈ N, it follows that |G′| = pr and m = pu for some r, u ∈ N.
By Thompson’s theorem [3, (12.2)] there exists a normal p-complement A in G and
G = PA, where P ∈ Sylp(G). Clearly p  |A| and if θ ∈ Irr(A), then θ(1) | (|A|,pu) = 1.
Thus A is abelian and A = [A,P ] × CA(P). But |[A,P ]| | (|G′|, |A|) = (pr , |A|) = 1, so
A = CA(P) and G = P × A. The proof is complete. 
It follows from Theorem 4 that if G is a non-abelian group with c.d.(G) = {1,m}, then
either G is nilpotent and (3) holds or G is non-nilpotent and either (1) or (2) holds for all
p ∈ π(G′).
We wish now to focus on the non-nilpotent case.
Theorem 5. Let G be a non-nilpotent group. Then c.d.(G) = {1,m} if and only if G′ is
abelian and one of the following holds:
(1) m = p, a prime, and F(G) is abelian of index p in G;
(2) G′ ∩ Z(G) = 1 and G/Z(G) is Frobenius group with the kernel G′ × Z(G)/Z(G)
and a cyclic complement of order [G : G′ × Z(G)] = m.
Proof. Suppose, first, that c.d.(G) = {1,m} and (1) does not hold. Then case (1) of Theo-
rem 4 must hold for each p ∈ π(G′). In particular, G′ is abelian and p  m.
Let p ∈ π(G) and let P ∈ Sylp(G). If p ∈ π(G′), then p  m and by Ito’s theo-
rem (Corollary (12.34) in [3]) P is abelian. If p  |G′|, then P is also abelian and hence
Sylow subgroups of G are abelian. Thus, by Theorem (5.6) of [3], G′ ∩ Z(G) = 1 and
since G′ = 1, Theorem 4(1) implies that F(G) = G′ ×Z(G) and G/G′ ×Z(G) is a cyclic
group of order m. Hence g = g′zm and as c.d.(G) = {1,m}, it follows that
k(G) = g
g′
+ g − g/g
′
m2
= zm + g
′zm − zm
m2
= z
(
m + g
′ − 1
m
)
.
We now estimate k(G) using conj.cl. If x ∈ G′ − 1, then CG(x)  G′ × Z and hence
|[x]G|m. Thus G′ is composed of at least 1 + (g′ −1)/m conj.cl. and the same holds for
each coset uG′ with u ∈ Z. Since any coset of G′ is a union of conj.cl., and hence contains
at least one conj.cl., it follows that
k(G) z
(
1 + g
′ − 1
m
)
+
(
g
g′
− z
)
= z
(
m + g
′ − 1
m
)
= k(G).
Consequently, CG(x) = G′ × Z for each x ∈ G′ × Z − Z. Consider, now, G/Z and let
uZ ∈ CG/Z(yZ) for some y ∈ G′ − 1. Then [u,y] ∈ G′ ∩Z = 1 and u ∈ CG(y) = G′ ×Z.
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one direction is complete.
Conversely, suppose that G,G′,Z(G) are as described. In case (1), clearly c.d.(G) =
{1,p}. So suppose that case (2) holds. Let λ be any non-principal character in Irr(Z(G)).
Then λ is invariant in G and since G′ ∩ Z(G) = 1, it follows by Proposition 19.12 in [2]
that λ is extendible to G. Thus, by Corollary (6.17) in [3], we see that if ψ is any irreducible
component of λG, then ψ(1) ∈ c.d.(G/Z(G)). This implies that c.d.(G) = c.d.(G/Z(G)).
Since clearly c.d.(G/Z(G)) = {1,m}, we have c.d.(G) = {1,m}, as desired. 
We conclude with the following corollary of Theorem 5.
Theorem 6. Suppose that Z(G) = 1. Then c.d.(G) = {1,m} if and only if G′ is abelian,
and either m = p, a prime, and F(G) is abelian of index p in G, or G is a Frobenius group
with the kernel G′ and a cyclic complement of order [G : G′] = m.
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